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Abstract 

Suslin |Suj proved that for an extension K/k of algebraically closed fields the 
induced maps Km{k)[n] —)• Km{K)[n] and Km{k)/n —)• Km{K)/n for the higher 
algebraic iC-groups are isomorphisms, where A[n] is the subgroup of n-torsion in an 
abelian group A, and A/n = AjnA, by definition. In this paper we generalize this 
to other functors and other field extensions. 
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0 Introduction 

The results in this paper hold in particular for the following functors on separated noethe- 
rian fc-schemes for a field A;, which are contravariant for fiat morphisms. 

Example 0.1 (1) V{Y) = nLU)) (etale cohomology), where i, j G Z, n G N is 

invertible in k, and Z/nZ(j) = for the sheaf fin of n-th roots of unity on V. 

(2) ViY) = Km{V) (algebraic K-theory) form G Nq. 

(3) V{Y) = CH^{Y,s) (Bloch’s higher Chow groups) forr,s G No, which contains the 
classical Chow groups CH''{Y) as the special case CH'^{Y,Qi). 

(4) V(Y) = H’‘(Y,]Cm) (K,-cohomology) for i,m G Nq, the i-th Zariski cohomology of the 
Zariski sheaf associated to the presheaf U i—)■ Km{U). 
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(5) V{Y) = H^{Y,W{lj/nL{k))) ('H-cohomology), thei-th cohomology of the Zariski sheaf 
on Y associated to the presheaf U H^{Ust, Z/nZ{k)), for i G Nq and j, k E Ij. 

(6) V(Y) = H'^iY^C'Hf is)), where Cl-Cis)) is the Zariski sheaf on Y associated to the 
presheaf U ^CH^{U,s). 

On the other hand, we consider field extensions LP <Z L over k and n 6 N such that 
one of the following conditions hold 

Conditions 0.2 (i) Both fields are algebraically closed, or 

(a) L = M and is dense and algebraically closed in R, or 

(Hi) L is a complete discrete valuation field, LP is algebraically closed in L and dense in 
L for the valuation topology, and n is invertible in L. 


An application we have in mind for (Hi) is the situation where A' is a global field (i.e., a 
number field or a function field in one variable over a finite field), and where L = is the 
completion of K with respect to a discrete valuation v of K, and is the Henselization 
of K at V. An example for {ii) is the situation where L is the completion of A" at a 
real place v (hence isomorphic to the field R of real numbers), and LP is the associated 
real closure of K in A, the algebraic elements in the extension LjK. An example for (i) 
is the situation where L is the completion of A' at a complex place (hence isomorphic to 
C), and A° is the algebraic closure of K in L. 

In particular we show the following. 

Theorem 0.3 IfV is one of the functors (1) - (5) in Example 0.1 and the field extension 
C L is one of the field extensions (i) - (Hi) in Condition 0.2, and X is a smooth 
projective variety over A°, then, with n as in the respective cases, the restriction maps 

V{X)[n]^V{XL)[n] and V{X)/n^V{XL)/n 

are isomorphisms, where Xl = Xx^oL, A[n] = ker{A A), and A/n = coker(A A). 

Remark 0.4 (a) This is well-known for (1), where case (i) is well-known and implies 
(ii) and (Hi) by Galois descent. 

(b) For (2), case (i), and Y = Spec{L^) this is the result of Suslin guoted in the beginning. 

(c) For (4) and case (i) this was proved by F. Lecomte ILecf . 

(d) The cases (ii) and (Hi) of (b) and (c) do not follow - because these theories do not 
have Galois descent. 

However, with our methods explained below, we can treat more cases. 
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Example 0.5 Let K be a global field, let v be a non-archimedean place. 

(a) For case (3) and r = s we consider the Chow groups H^{X,}Cr) = CH^{X), i.e., 
the classical Chow groups of a smooth projective variety X over a field. In case (Hi) 
we get isomorphisms, for a global field K, and an integer n invertible in K, and a non- 
archimedean place V of K: 

CHfiXK,^.^)[n]^CH’^{XK„)[n] and CHfiXK^,,)ln^CHfiXK„)ln. 


(b) Let X be a smooth projective curve over K and consider the “residue map” for n 
invertible in K 


H\K{X),’L/nZ{j))^ © H^-\k{x),Z/nZ{j)), 

x(^\X\ 

where | X | zs the set of closed points of X. Then one has ker(a) = and 

by the above this group for Xk^^.^ is isomorphic to the one for Xk„ • The same holds for 
coker (a) = H^{X,FL\{j)). 

(c) For a field F one has a functorial isomorphism K)f{F) = CH"^{F,m) between the 
Milnor K-group and the written Bloch higher Chow group, by work of Nesterenko and 
Suslin INeSu^ . see also Totaro f ToJ/ . Hence one gets rigidity for Milnor K-theory mod n 
and the n-torsion of Milnor K-theory, for all three cases (i), (ii) and (Hi). 

The above results are implied by some more general theorems. We introduce a notion 
of rigid functors (see Definition 1.1) and sufficiently rigid functors (see Dehnition 3.1), 
and prove that the above rigidity result hold for such functors, justifying their names in 
retrospective. 


1 Rigid Functors 

Let iS be a category of schemes, and let be the category just endowed with the flat 
morphisms. 

Definition 1.1 A contravariant functor V on 8^°-^ with values in the category Ab of 
abelian groups is called rigid, if it satisfies the following properties, provided the occurring 
schemes and morphisms are in S. 

(a) For any fiat finite morphism x : X ^ Y there is a transfer morphism vr* : V{X) —)■ 
V(Y), such that for another flat finite morphism p -.Y ^ Z one has (pvr)* = 

(b) For every cartesian diagram of schemes 

f 

tt' 

Y> -L^Y 
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with 71 finite and flat, one has /*7r* = vr'*/'* : V{X) —)■ V(Y'). 

(c) If X = XiH X 2 , then the immersions Tii : Xi ^ X (i = 1, 2) induce an isomorphism 

(7r*,7r*) : V^(X) ^ © ViX^) 


with inverse (tti)* + { 712 )*- 

(d) If Xm = XxiSpec (Z[T]/(T™')) is the m-fold thickening of X, then for the morphism 
71 : Xm — )■ X one has 7r*7r* = multiplication by m. 

(e) If Ax = Xz Ag is the affine line over X , then the projection p : —>■ X induces 

an isomorphism p* : V{X) — > l^(A^). 

(f) Let i ^ Xi be a filtered projective system of schemes such that the transition morphisms 
Xi —)■ Xj are affine, and let X = limXi. Then the canonical map 

Urn V{Xi) V{X) 


is an isomorphism. 

Theorem 1.2 Let G K be a field extension as in Condition EJ and let V be a rigid 
functor on the category of all noetherian -schemes, such that the value groups V{Y) 
are torsion groups. 

(a) If both fields are algebraically closed, or if K = M and is algebraically closed in M, 
then the restriction map 

V{K^) V{K) 

is an isomorphism (where we write V{L) for V{Spec L) if L is a field). 

(b) Let K be a complete discrete valuation field, and let be a dense subfield of K which 
is algebraically closed in K. Then the restriction map 

V{K^) V{K) 

is an isomorphism if char[K) = 0. If char(K) = p > 0, then it is an isomorphism if K 
is separable over , and the value groups of V do not have any p-torsion. 


Proof For the surjectivity it suffices to prove 

Claim 1: If F is a function field over contained in K, then 

Im{V{F) V{K)) C Im{V{K^) V{K)). 

In fact, by the limit property 1.1 (f), V(K) is generated by the images of the maps 
V{F) V{K) for all such fields F. 

We prove Claim 1 by induction on / = deg.tr.{F/K^), the degree of transcendence of F 
over K^. If d = 0, then necessarily F = K^, since is algebraically closed in K, and 
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the claim is trivially true. If d > 0, then by Noether normalization and separability of 
F over K^, there exists a function field Fi with deg.tr.{Fi/K^) = d — 1 and a smooth, 
geometrically irreducible curve Ci over Fi such that F = Fi(Ci), the function field of Ci. 
Let Fi be the algebraic closure of Fi in K and let Ci = Ci x Pi Fi, and F = Fi(f7i). Then 
it suffices to show 

Claim 2; Im{V{F) V{K) C Im{V{Fi) V{K)). 

In fact, by 1.1 (f) every a G Im{V (Fi) —)■ V{K)) lies in Im{V{F 2 ) —)■ V{K)) for a function 
field F 2 over K with deg.tr.{F 2 /K^) = d—1, so by induction a lies in Im(y{K^) —)■ V{K)). 

In other words, it suffices to prove Claim 1 for a held L C K in place of K^, which is 
dense and algebraically closed in K but for which K is not necessarily separable over L, 
and for a function held F with deg.tr.{F/L) = 1 which is separable over L. 

Let a G Im{V{F) —)■ V{K)). By 1.1 (f) there is a smooth, geometrically irreducible 
curve C over L with function held L{C) = F such that a G ImiViC) V{K)). Let 
DiviC) be the group of divisors on C, i.e., the free abelian group on the closed points 
X E C. Consider the bilinear pairing 

Div{C) X V(C) V{L) 

dehned by sending (x,/3) to where (px : Spec k{x) —)■ C and : Spec k{x) -E 

Spec L are the canonical morphisms. Denote by C the regular proper model of C and 
set Coo = C \ C. Let / be a meromorphic function on C which is dehned and equal 
to one on Coo (he., for x G Coo, / hes in O-^^ and its image in k{x) is 1). Then the 
principal divisor (f) lies in the kernel of the above pairing. In fact, / dehnes a covering 
TT : C' —)■ — 1, where C is obtained from C by deleting the points where / is 

dehned and equal to one. Now one has a commutative diagram of pairings 

Div{C) X V{C) -E V{L) 

U| Ij* II 

Div{C') X C(C') ^ V{L) 

TT* t i TT* II 

D^u(Ai) X C(Ai) ^ V{L), 

where j* is induced by the open immersion j ■. C ^ C. Indeed, recall that for a closed 
point X G A\ one has 

iT{y)=x 

where e{y/x) = \engih.{Oc,y ® is the ramihcation index of y over x (the tensor 

product is over O^i^ x)- Consider the following cartesian diagram 



Spec k{x) ——^ A^f 


Then v^*7r* = (7r')*(v?(,)* by 1.1 (b), and it suffices to show that 

(tt')* = e(|//a;)(7r'aj,)*a* , 

n{y)=x 
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where ay : Spec K{y) —)■ C'^ is the canonical morphism. But since C is smooth over L, 
we have 

C;- u Spec{K{y)[T]/{T<yl^))) , 

'K{y) = x 

so the wanted equality follows easily from 1.1 (c) and (d), cf. also the proof of Lemma 
1.8 below. 

Now by dehnition (/) = 7r*(0 —cxd); hence the commutative diagram of pairings shows that 
^ ^(-^) coincides with ■^'(0 — cxd, 7r*(/9)), which is zero in view of the homotopy 
invariance 1.1 (e). 

We have proved that the pairing factors through Pic{C, Coo) ® C(C), where 

Pzc(C,Coo) = nzv(C)/{f G L(C')" I /= 1 on Coo} 

is the divisor class group of modulus Coo, where the closed subscheme Coo C C is identihed 
with the corresponding Cartier divisor and hence with the Weil divisor ^ y. 

y^Coo 

Let Picnic, Coo) be the subgroup dehned by the divisors of degree zero, where deg x = 
[k{x) : L], Then we have a canonical isomorphism 

Pfc»(C,C«.) = Jc„(C')(L) , 

where the right hand side is the group of L-rational points of the Rosenlicht generalized 
Jacobian Jc^{C) (cf. [Ro], [Se] Chap. V and [CC]), which is a commutative, smooth, 
geometrically connected group variety over L. Now 

(1.2.1) Jc„(C) A' = Jc^JCk) = JcJCk) , 

where Coo,k = Coo Xl K = Coo Xc ^ Ck = C Xl K as a closed subscheme, Ck is 
the complete regular model of the smooth curve Ck = C x i K, and Coo = Coo Xc 
as a closed subscheme (Note that Ck is not necessarily regular and that Coo,k is not 
necessarily reduced, if char iL > 0 and K/Lis not separable). In the language of schemes 
the equalities (1.2.1) can most easily be seen by the fact that Jo{X), for a geometrically 
integral curve X over a held k and a Cartier divisor D X such that X — D is smooth, 
represents the Picard functor Picxj^/k, where X/j is the curve obtained by contracting D 
to a point, i.e., Xk is the scheme theoretic amalgamated sum X IId Spec k (cf. [Se] p. 
85 and [CC]). In fact, one has (C'if)c^^ = {Ck)c^, since the diagram 

Coo -^ Ck 

Coo,K^ -^ Ck 

is cartesian and cocartesian. 

If the pairing 

^/JK ; DiviCK) X ViCK) V{K) 

is dehned for Ck over K in the same way as for C over L above, then by the same 
argument as there, this pairing factors through Pic{CK, {Coo)red) ® V(C'k) and therefore 
also through PiciCK, Coo) ® V{Ck), where 

Ptc{CK,Coo) = Dtv{CK)l{f e K{Ck)^ I / = Imod Coo] 
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is the divisor class group of modulus Coo (/ = Imod Coo meaning that / lies in r(17, Ou) 
for an open neighbourhood of {Coo)red and has image 1 in r(f7oo, O^^)). Let p : Ck —t 
C be the projection induced by p : Spec K —)■ Spec L. Then by 1.1 (b) we have a 
commutative diagram of pairings 


fjR ■ 

Dzv{Ck) 

X V{Ck) - 

V{K) 


p*t 

fp* 

Tp* 

: 

Div{C) 

X V{C) - 

V{L), 


where the left hand map is the pull-back of Cartier divisors (which sends x g| C | to the 
unique x' g| Ck \ with p{x') = x; note that k{x) iC is a held, since k{x) is separable 
over L and L is separably closed in K). 

For the following we may assume that V is annihilated by a natural number n, since it 
suffices to prove Theorem 1.2 for all subfunctors V[n\ for such n. Then we get an induced 
diagram 

Pic{CK,Coo)ln ® V{Ck) 

(1.2.2) V 

Pic{C,Coo)ln ® V{C) 

To prove Claim 1 in this situation it then suffices to show 

Claim 3: p* : Pic^{C,Coo)/n — > Pic^{CK,Coo)/n is surjective. 

In fact, consider an element (3 G V{C) mapping to our element a G Im{V{C) —)■ V{K)). 
Then a = 'ipK{yo,P*{/3)), where yo is the iC-rational point of Ck corresponding to the 
generic point Spec K —)■ Spec F ^ C. If iF is algebraically closed, then L is algebraically 
closed as well (since K is algebraically closed in K). Hence there exists an L-rational 
point xq of C. The same holds for the other two cases by Lemma 1.3 below, since C 
has the iF-rational point y^. Then — p*{xq) lies in Dw^^Ck), and by Claim 3 there 
exists an element 2 ; G Div{C) with '0 a'(?/o — P*{.xo),p*{l3)) = 'ijjK{p*{,z),p*{l3)). Thus 
= '4’K{,yo,P*{/3)) = p*'0(xo + z,j3) lies in the image of p* : V{L) —)■ V{K) as wanted. 

To prove Claim 3, note that the considered map can be identihed with the natural map 
(1-2.3) Jc^{C){L)/n JcJC){K)/n , 

since there are identihcations ^Coo(^)(-^) = K){K) = = 

Pic{CK,Coo), functorially in the held K, and since Jd{,X) represents Picxo/k as men¬ 
tioned above. 

If K is algebraically closed, then L is algebraically closed as well, as remarked above, 
and Suslin’s proof of [S^ Prop. 2.3 and Cor. 2.3.3 applies to V. In the notations above, we 
have Ck = Ck and Coo,k = and Claim 3 follows from the fact that Pic^^Ck, Coo)/n 
is zero for every N, since Coo is reduced, so that J^^{Ck) is a semi-abelian variety. 

For the other two cases nJc^{C){K) is open in Jcoa{C){.K) for tho strong topology on this 
set, i.e., the topology coming from the topology of iC), since the morphism n : 

Jc^(C') is etale, n being invertible in L. Therefore the claim follows from 

Lemma 1.3 Let K he M, C, or a complete discrete valuation field, let L be a dense 
subfield, and let X be a scheme of finite type over L. If K is separable over L or if X is 
smooth over L, then X{L) is dense in X{K) for the strong topology. 
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In fact, for x G Jcooi.C){K), x + nJc^{C){K) is open, hence by Lemma 1.3 there is 
y G Jc^{C){L) contained in a: + nJc^{C){K). 

Lemma 1.3 is proved in jKaSaj . Lemma 4, where the hrst case is explicitly stated and 
reduced to the second case in the proof, and where the reader may also hnd a dehnition 
of the strong topology (called the usual topology there). 

It remains to prove the injectivity of the map V{K^) V{K). Since K = \im.Ai for 

smooth iL°-algebras Ai, by 1.1 (f) it suffices to show that 

ql : V{Spec K^) V{X,) 

is injective for every qi ■. Xi = Spec Ai —)■ K^. But every Xj has a X-rational point, hence 
a iL°-rational point Sj : Spec —)■ X^ by lemma 1.3. Since s*q* = (q'jSj)* = id, q* must 

be injective. 

Corollary 1.4 It K, and V are as in Theorem 1.2, then for every scheme X of finite 
type over the restriction map 


V{X) 


V{Xk) 


is an isomorphism. 


Indeed, the functor Vx with Vx(Y) = V{X x ^oY) is again a rigid functor on the category 
of all noetherian iL°-schemes. 

Remark 1.5 Let R be an excellent discrete valuation ring, let R he its completion, and 
denote by k and K the fraction fields of R and R, respectively. Then by definition ([EGA 
IV](2),7.8.2), K is separable over k. Hence, if is the algebraic (= separable) closure 
of k in K, then the assumptions of theorem 1.1 are fulfilled for K and . Note that 
is the fraction field of the Henselization R of R ([EGA IV](f),18.9.3). In particular, if 
K is a global field and v is a place of K, then theorem 1.1 holds for the pair 
where Ky is the completion of K at v and K(^y) is the algebraic closure of K in Ky. In 
fact, if V is non-archimedean, then the corresponding valuation ring is excellent ([EGA 
IV](2), 7.8.3(a), (Hi). If Kg is a separable closure of K and w is a place of Kg extending 
V, then K(^y) can also be replaced by the isomorphic decomposition field , where Gy, = 
{a G Gal{Kg/K) \ aw = w} is the decomposition group of w, which is the classical 
Henselian field associated to K and w. 

2 Examples of rigid functors 

The hrst two examples of rigid functors are given by etale cohomology and algebraic 
X-theory. 

Proposition 2.1 Let S be a category of quasi-compact schemes, and let IF be an etale 
torsion sheaf on S whose torsion is invertible in S. Assume that IF \x= f*IF \y for 
every morphism f : X ^ Y in S. (e.g., for any natural number n we may take S = 
Sch^'^/Zll/n], the category of quasi-compact schemes on which n is invertible, and IF = 




Z/n(j) = the j-th Tate twist of the constant sheaf Z/n, cf. [Mi], p. 163). Then for 
any integer i > 0 the functor 

V{Y) = 

given by the i-th etale cohomology with coefficients in IF is a rigid functor on S. 

Proof This is well-known; The contravariance of V is induced by the adjunction maps 
adf : IF ^ f*f*F' for morphisms f : X ^ Y (cf. [Mi] III 1.6(c)), viz., f* is the composition 

/* ; H\Y,X) ^H%Y,fJ*X) ^H\X,f*X) = H\X,X) . 

For the limit property 1.1(f) cf. [Mi] III 1.16, and for the homotopy property 1.1 (e), 
which is related to smooth base change, cf. [Mi] VI 4.15. The transfer tt* for a hnite flat 
morphism tt : X —)■ V is dehned as follows. By [SGA 4] XVII 6.2.3 there is a canonical 
trace morphism 

Tr^ : 7r*7r*X —;■ X 

for every abelian sheaf X on Y (note that tt* = tti for a hnite morphism). Then tt* is 
dehned as the composition 

TT, : H\X,XX) ^ H\Y, 71,71*X) ^ H\Y,X) 

in which the hrst map is an isomorphism since vr is hnite (so that Q 77,Q is exact, cf. 
[Mi] II 3.6). The functoriality (pvr)* = p,77, in 1.1 (a) then follows from the transitivity 
of the trace morphism ([SGA 4] XVII 6.2.3 {Var3)). For property 1.1 (d) we hrst note 
that the composition 

'■r~ ^ Tv-JT 

J- -4 TT^TT J- -^ J- 

is multiplication by d for every hnite hat morphism tt : X —)■ V of (constant) rank d 
(loc.cit. (Var 4)). Hence 7r,7i* is multiplication by d for such tt. Now let tt : X^ = 
X[T]/(T'^+^) —)■ X be as in 1.1 (d), and let s ; X —)■ X^ be the obvious “zero” section 
(T I— )■ 0) of 7T. Then s* is an isomorphism by the topological invariance of etale cohomology 
([SGA 4] VIII 1.2), hence tt* is an isomorphism as well. Thus the equality 7r*7r*7r* = dTT* 
implies that 7t*7t, = d as wanted. If 


f 

X'^^X 

tt' tt 

is a cartesian diagram, with tt (and hence tt') hnite and hat, then the base change property 
f*7T, = 7T',f'* of 1.1 (b) follows from the commutativity of the diagram 


nj'j'*7T*g 


7r*ad^ 


( 1 ) 


■ TT,TT*g ■ 

adf 


Tr., 


G 


fyJ*MG - fJ*7T,TT*G 


( 2 ) 




adf 


h<T^*f*Q 


( 3 ) 


■fJ*G 
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for any torsion sheaf Q on F, where <h : f*7i* —)■ tt'/'* is the base change morphism. Here 
(3) is commutative by loc. cit. (Var.2), (2) commutes by the functoriality in sheaves of 
adfj and (1) commutes by the dehnition of the base change morphism (cf., e.g, [Mi] p. 
223). Note that we get an induced commutative diagram 


W{Y, n,n*g) -- H\Y, nJirn^Q) 


adj:/ 


H\X, 7r*g) H\x, rj'*n*g) 


H\x'j*Ti*g) 



H\Y, rny*rg) —- h\y, u*g) 


Tr„ 


H\Y', h\y\ rg) 


H\X',7r'*f*g) 


Finally, property 1.1 (c) is a straightforward consequence of [SGA 4] 6.2.3.1: it implies 
that for X = XiJl X 2 with open and closed immersions ai : Xi ^ X [i = 1,2) one has 
(oj) (cTj)* dijidxi ■ 

Proposition 2.2 For every integer m > 0, the funetor 

V{X) = KUX) 

given by the m-th algebraic K-group is a rigid functor on the category S of all noetherian 
schemes, except that the homotopy axiom 1.1 (e) possibly only holds for a regular base X. 

Proof This follows from the results of Quillen in [Quij: By [Qui] §7,2, X 1 —)■ Km{X) 
is a contravariant functor, and the limitproperty 1.1(f) is proved in loc. cit. §7, 2.2. 
The transfer map for a hnite flat morphism tt : X —)■ P is defined as follows. Recall 
that Km{X) = Km{P{X)), the m-th X-group of the exact category P{X) of locally free 
coherent C>x-modules. Then tt* : Km{X) —)■ Km(Y) is induced by the exact functor 
TT* : P{X) —)■ P{Y) sending an Ox-module P in P{X) to the Oy-module 7r*P in P{Y) 
(cf. loc. cit. §7). The functoriality (pvr)* = is immediate. For 1.1 (b) recall that 
the pull-back f* : Km(Y) —)■ Km(Y') for a morphism / : F' —)■ F is induced by the exact 
functor f* : P{Y) —)■ PfY') sending Q in P(F) to f*Q = Oy ®/-ic>y f~^Q (coherent 
pull-back) in P{Y). If now 

f 

tt ' tt 

Y' -L^Y 

is a cartesian diagram, with tt hnite and hat, then the base change morphism /*7r* —)■ 7r(/'* 
is an isomorphism of exact functors from P{X) to P{Y')-, therefore /* 7 r* = 7 r(/'* on the 
level of X-groups ([Qui] §1 Prop. 2). The additivity property 1.1 (c) follows from [Qui] 
§1, (8) and the fact that for X = Xi H X2 the immersions o;* : Xj X induce an 
equivalence of exact categories {al,a2) : P{X) -P(Xi) x P{X2) with (aj)*(Q;j)* — ^ 
dijid : P{Xj) P{Xi). Property 1.1 (d) follows from the more general fact that for 
any hat hnite morphism tt : X ^ F for which Ti^Ox — Oy as an Oy-module one has a 
functorial isomorphism 

n,Ti*P ^ P T^*Ox ^ P'^ 
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for P in P{Y). This implies that 7r*7r* is the multiplication by d on Km{Y) by [Qui] §3 
Corollary 1. Finally, the homotopy property 1.1(e) for V{X) = Km{X) is proved in [Qui] 
§7, Proposition 4.1, for a regular base X. 

This covers case (3) in the introduction, while the following implies case (3) in the intro¬ 
duction. 

Proposition 2.3 The functors X i— )■ CH^{X,n) of higher Chow groups are rigid func¬ 
tors. In particular, this holds for the classical Chow groups CH^{X) = CH^{X,0). 


Proof All properties in Dehnition 1.1 hold, see for example [Lev] . section 2.1. 


3 Sufficiently rigid functors 


In view of the applications we have in mind, we note that the full strength of the axioms 
in 1.1 was not needed in the proof of theorem 1.2. Consider the following weakening. 

Definition 3.1 LetS = Sch™^^^/k he the category of noetherian k-schemes, for afield k. 
A contravariant functor V ■. S ^ Ah is called sufficiently rigid, if it satisfies the following 
properties. 

(a) Call a morphism ti : X ^ Y in S admissible, if it is a finite and flat morphism 
of smooth L-schemes, for a field extension L of k. Then for any admissible morphism 
TT : A —)• y there is a transfer map tt* : V{X) —)■ V{Y), such that (pvr)* = for another 
admissible morphism g : Y Z. 

(b) For every cartesian diagram of schemes 


f 

X'^^X 

r' 

Y' ^-^Y 


lying in S, with vr and n' admissible, one has /*7r* = 7r(/'* : V{X) —)■ V(Y'). 


(c) Let 71 : C ^ D 
For y E D and x G 
diagram 


he a finite flat morphism of smooth curves over an extension L of k. 
C with 7r{x) = y consider the commutative (in general not cartesian!) 


(3.1.1) 


Spec (k(x)) Y^^C 


Spec {^{y)) > D 
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where ^x-,^y and tTx are the canonical morphisms, and for every smooth L-scheme X 
denote by 

(3.1.2) X Xlk{x)^^X XlC 

TTx 77 

XxLK{y)^XxLD 

also the diagram obtained by base change with X over L. Then 

= X] (i{x/y){'Kx)* {TxT ■.V{X XlC) ^V{X Xl n{y)), 

n{x)=y 

where e{x/y) is the ramification index of x overy, and the same eguality holds after base 
change with an open subscheme U of X Xl D. 

(d) If X is a smooth L-scheme, for an extension L of k, then the projection p : —)■ X 

induces an isomorphism p* : V{X) ^ V^(A^). 

(e) Let i ^ Xi be a filtered projective system of schemes in S such that the transition 
morphisms Xi —)■ Xj are affine, and assume that X = limXj is in S. Then the canonical 
map 

limV"(Xi) ^ V{X) 

is an isomorphism. 

Then we have 

Theorem 3.2 Let C K be fields, and let V : Sch'^°^^^/ -P- Ab be a sufficiently rigid 
functor. Then for every smooth K^-scheme X the restriction map 

V^(X) ^ V{Xk) 

is an isomorphism, provided we are in one of the following two situations: 

(i) V has values in torsion abelian groups, and the fields and K are algebraically 
closed, or K = M and is agebraically closed in M, or K is a complete discrete valuation 
field of characteristic 0, and is dense and algebraically closed in K. 

(a) K is a complete discrete valuation field of characteristic p > 0, is dense and 
algebraically and K, and V has values in torsion abelian groups whithout p-torsion. 

Proof The proof of theorem 1.2 applies to the functor Vx with VxiX) = V{X x^o Y). In 

fact, by directly using 1.6 (c), applied to X x^o C X x^o we need only consider 
transfer maps for admissible morphisms, and we only need the homotopy axiom 1.1 (e) 
for L.xxj^oL = X Xxo A}^ X x^o L, with L and tt : C* —)■ Af as in the proof of theorem 
1.2. Note that X x^oY = (X x^o L) T is a smooth L-scheme for a smooth L-scheme 
Y, L an extension of K^. 

Of course, here we only needed 3.1 (c) for the diagrams (3.1.1), and not for their 
localizations. This additional property will be needed in section 2. Therefore we record 
the following, not completely obvious fact. 
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Lemma 3.3 Let k be a field. A rigid functor V : /k —)■ Ah is also a sufficiently 

rigid functor. 

Proof We only have to show that 3.1 (c) holds for V. With the notations of 3.1 (c) we 
have a commutative diagram 


U XXLffix)^XXL 

n(x) = y I 


a, 




X Xl K(y) 


fy 


XxlC 


XxlD 


such that the sguare is cartesian and = ip^. By assumption, the triangle can he 

rewritten and factored as 


U X Xi ffix) ^ _ u X Xi {ffix)[T]/{T<-/y^)) 

hi A 

U X Xl ffix) 

Tz{x) = y 

X Xl ffiy). 



By forming the base change of the diagrams with an open subscheme U of X x^ D, we 
obtain a commutative diagram 


Tr(x)=y 



lu. 


Y 


Vy 


■u 


with cartesian sguare, and we want to show that 

Y e(x/y)(7r,).r^:V(U’)^V(Y), 

Tr(x)=y 

where ip^ = P’yOix ■ Since p'l'x* = by 1.1 (b), it suffices to show that 

(Ax)* = e{x/y)al, 

by 1.1 (c). Since ’jxC^x = idy,,., we have affi* = id, and 7* is injective. Hence it suffices 
to show the eguality 

l*x{lx)* = e{xly)ffial = e{x/y)id, 

which holds by 1.1 (d). 
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4 The treatment of associated Zariski sheaves 


The following considerations will be useful for treating 1C- and "H-cohomologies. 

Let iS be a category of schemes such that for a morphism f : X ^ Y in S and an 
open immersion j : U ^ Y a\\ morphisms of the cartesian diagram 

(4.1.1) 



lie in S. Thus S becomes a site, if we endow it with the Zariski topology. Let V be 
a contravariant functor on S with values in the category Ab of abelian groups, i.e., a 
presheaf (of abelian groups) on S, and let V be the associated Zariski sheaf on S. If Vx 
and Vx denote the restrictions of V and V to the small Zariski site Xzar for a scheme X 
in S ( which consists of all open immersions {U ^ X), then Vx = a fov, where a = ax 
is the functor mapping a presheaf on Xzar to its associated sheaf (on Xzar)- 

For a scheme X in S, let H^{X, V) be the i-th Zariski cohomology of V on X. This is 
equivalently, the i-th derived functor of the functor X e-)■ H^{X, X) = X{X), from sheaves 
on S to Ah, evaluated at V, and also equal to H\X, Vx)i the i-th cohomology of Vx on 
Xzar (cL [Mi] III 1.5 (b), 1.10, and 3.1 (c)). It is clear from the first description that 
X tw iL*(X, V) is a contravariant functor from S to Ah. In the second description, this 
functoriality can be described as follows. Since V is a sheaf on S, one gets a canonical 
morphism 

cu f : Vy ^ 

for every morphism f : X ^ Y in S, defined via the maps 

Vy{U) = V{U) ^ V{U') = Vx{U') = UV.{U) 
for each diagram (4.1.1). Then the wanted pull-back is the composition 

(4.1.2) H\Y, Vy) ^ H\Y, fM ^ H\X, Vx). 

We have the following result. 

Theorem 4.1 Let S = be the category of noetherian k-schemes, for a field k, 

and let V be a sufficiently rigid functor on S. Assume that the following properties hold 
for rings A which are localizations of (the coordinate rings of) smooth affine L-schemes 
Y, where L is an extension field ofk. 

(i) If A is semi-local, then the natural map V{Spec A) —)■ H^{Spec A,V) is an isomor¬ 
phism, and HfSpec A, V) = 0 for i > 0. 

(a) If A is local, then the restriction map H^{Spec A,V) —)■ H{SpecA\T],V) is an iso¬ 
morphism, and HfSpec A\T],V) = 0 for i > 0. 
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Then for every u > 0 the funetor 


Y ^ H^iY, V) 

is a sujfieiently rigid funetor on S. 

Proof For a scheme Y denote by P{Xzar) and S{Xzar) the category of abelian presheaves 
and sheaves on the small Zariski site Xzar, respectively, let i : S{Xzar) —^ P{Xzar) be the 
inclusion, and let a = ax ■ P{Xzar) S{Xzar) be its left adjoint, mapping a presheaf P to 
its associated sheaf. For a morphism f : X ^ Y let fp : P{Xzar) PiXzar) be the direct 
image functor (dehned by {fpP){U) = P{f~^{U))), and let f^ : PiYzar) —t P{Xzar) be 
its left adjoint. 

We hrst show the limit property 3.1 (e) for the functors Let (Xj)jg/ be 

a hltered projective system of schemes in S with affine transition maps. Assume that 
X = lim Xi is in S, and let tij : X —)■ Xj be the canonical morphism. Then the morphism 

u*Vx, —^ Vx 

is an isomorphism. In fact, the stalk at a point x E X with images Xi in Xj is the map 

V{Ox,,.,) ^ V{Ox,.) , 

which is an isomorphism by 3.1 (e) for V, since Ox,x = hm • 

It now follows that the map 

is an isomorphism since Xzar is the limit of the sites {Xi)zar (cf. [SGA 4] VII 5.7 for the 
case of etale sites; the case of Zariski sites is much simpler and follows from [EGA IV] 3, 
8.6.3 and 8.10.5 (vi), cf. the proof of [SGA 4] VII 5.6). 

Now let TT : X ^ V be an admissible hnite and flat morphism in S. The transfer 
morphisms for n and all base changes with open immersions U ^ Y dehne a morphism 

TTpVx —t Vy . 


We get an induced diagram 


a TT pVx -^ a Vy = Yy 


Vx , 

where the morphism 0 is the canonical map, which for instance arises from the adjunction 
map id ^ i a and the equality tt* = a iipi. We claim that 0 is an isomorphism. Let y E Y. 
Then the stalk of 0 at y is the canonical map 

Im V{U XyX) - ^ Im H\U Xy X, V) 

i i 

V{SpeC Oy^y XyX) H^iSpeC Oy^y Xy X, V) , 
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where U runs through all open neighborhoods of y in Y. The vertical maps are isomor¬ 
phisms since 3.1 (e) holds for V and V). Since n is hnite, Spec Oy^y Xy X = Spec A 

for a semi-local ring A, which is a localization of X. Since tt is admissible, X is smooth 
over an extension L of k. Hence (py is an isomorphism by our assumption (i) on V. As a 
consequence, we have a canonical morphism 

Tr^ : TT^Vx Vy . 

Next we claim that i?V* Vx = 0 for i > 0. In fact, the stalk at y G H of Vx is 


H\U Xy X,V), 

where the limit is over all open neighborhoods of y in Y. This equals H^{Spec Oy^y x yX, V) 
by the limit property 3.1 (e) for i?*(—,V), and this is zero for i > 0 by the assumption 
(i) on V and the same arguments as before. 

As a consequence, the canonical map H'^(Y, tt^^Vx) ^ H’^{X,Vx) is an isomorphism 
for all z/ > 0 , and we dehne the transfer maps for vr as the compositions 

TT, : H^'iX, Vx) ^ TT.Vx) ^ Vy) , 


for all z/ > 0. That {p7i)^ = for an admissible morphism p : Y ^ Z, is a straightfor¬ 
ward consequence of the fact that coincides with the composition 


^?*7^*Vx 



^?*Vy 



5 


which easily follows from the dehnitions and the observation that agpTVpVx g^anpVx 
is an isomorphism. 

Now we show 3.1 (b). Let 

f 

tt' tt 

Y'^-^Y 

be a cartesian diagram in S, with tt and tt' admissible. Then the diagram 


(4.1.3) 


7 r*Q; ft 

vr* Vx-^ 


X' 


f*KVx' 


Tr„ 


Vy 


OLf 




/*Vy' 


is commutative. In fact, by passing to the stalks at y G V we get the diagram 


/' 


V{SpeC Oy^y Xy X) V{SpeC Oy^y Xy X') 


V{SpeC Oy^y) - ^ V{SpeC Oy^y Xy Y') 


which is commutative by 3.1 (b) for V. The morphism tt : Spec Oy^y Xy X —)■ Spec Oy^y 
is only the localization of an admissible morphism, but the map tt* can be dehned via 
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passing to the limit over the maps : V{U Xy X) —)■ V{U) for U running through the 
open neighborhoods of y in Y. The analogous statement holds for and the equality 
/*7r* = then follows from the corresponding equalities for the U. 

The equality /*7r* = tt'/'* for the functors V) now follows from the commutative 

diagram 




X 


■H^iXJiVx') 


H’^{Y,7ryx) 

Tr^ 

H'^{Y,Vy)- 


H^{Y,njyx') 

(4.1.3) 


H’^{X',Vx' 


H’^iY, /XVvO ^ <VxO 

f*Tr^ Tr^' 

' ' 

- H‘'{Y, fyy,) H’^iY', Vy>). 


The proof of 3.1 (c) for the H‘'{—,V) is similar. By similar arguments as above, it 
suffices to show that the diagram 


X^XxO ■ 

Ttt, 


j TTHiOLipj, 


■7r(x)=y 7 r^:{(Px)* Vxxk{x) 


Vx 


Xl^y 


xD 


T7(x)=y {(Py)*){7Tx)^. Vxxk(x) 

J2e{xly){<Py)*Tr^ 

^ '^XXK{y) 


commutes, where the notations are as in 3.1 (c). But by taking the stalks at t G X x K{y) 
we obtain the diagram 


V{Spec {R) XdC) 


V{Spec R) 


TT{y)=X 


V {Spec {R) X D f^{x)) 


S e(x/j/)(7ra;)* 

V {Spec {R) X Y) k{x)) 


with R = OxxD,t) which is commutative by 1.6 (c) for V (for tt* and the (tt^,)* the same 
remarks as before apply). 

Finally, we prove the homotopy property 3.1 (d) for the functors H^{—, V). Let Y be 
smooth over an extension L of k, and let p : Ay —)■ T be the affine line over Y. Then 

ttp : Vy —)■ 

is an isomorphism, and R^py^^ = 0 for i > 0 , by assumption (ii) on V. In fact, for 
y ^Y , the stalk of a/ at y is the pull-back map 

H\Spec Oy,„ V) ^ , V) , 

and the stalk {R^py)y is isomorphic to V) for alH ^ 0 . As a consequence, 

we obtain the bijectivity of the maps in the composition 

p* : H-^{YyY) ^ H-^{Y,py^.^) ^ i7^(A^, V^^), 

for every z/ > 0 . q.e.d. 
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Remark 4.2 (a) It seems unlikely that one can define natural transfer maps 


TT* : HfiX,V) ^ H''(Y,V) 

for arbitrary finite and flat maps n : X ^ Y , even if one has transfer maps tt* : V (X) —)■ 
V(Y) for all such n. 

(b) Fix an extension L of k, and let p : Ay Y be the affine line over a smooth L- 
scheme Y. Given the limit property 1.6 (e) for V (and hence for the the 

following statements are equivalent. 

(1) p* -. V) V) is an isomorphism for allu ^ 0 and all open subschemes 

U ofY. 

(2) The morphism Vy —)■ is a quasi-isomorphism. 

(3) Property f.l (ii) holds for all local rings Oy^y ofY. 

Theorem 4.3 Let k be any field. The functor 

Y^H’^{Y,X^) , 

where /Cm is the Zariski sheaf associated to the presheaf U KmiU) given by the m- 
th algebraic K-groups, is a sufficiently rigid functor on the category of all noetherian 
k-schemes. 

Proof By Theorem 4.1 we have to show the properties 4.1 (i) and (ii). The hrst property 
is a direct consequence of results of Quillen. In fact, let T be a noetherian scheme. In 
[Qui] §7,5.4 Quillen constructed a spectral sequence 

Br(r)= ® K^r-MV) ^ K'-p-,(y) . 

xeY(p) 

which is contravariant for flat morphisms. Here K'^iY) is the m-th iC-group of the 
category M{Y) of coherent (Ty-modules, but for a regular noetherian scheme T, this 
group is canonically isomorphic to K^iY) ([Qui] §7, (1.1)), functorially for flat pull-backs 
(both functorialities are induced by the exact functor mapping an (Ty-module M. to its 
coherent pull-back f*Ai = Oy ®/-ic>y for a flat morphism f : Y' ^ Y). li Y is 

smooth over a held L, or any localization of such a scheme, then Quillen constructed a 
canonical isomorphism 

(4.3.1) Ef{Y) = H^Y, K..,) (p,, € Z), 

compatible with flat pull-backs, by showing that for any ring A obtained by localizing (an 
open affine subscheme of) Y in finitely many points, the edge morphism 

K_^(A) E^’"^(Spec A) 

is an isomorphism for all m G Z and 

Ef^{Spec A) = 0 for p 7 ^ 0 
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(loc. cit. 5.6, 5.8 and 5.10). This proves 4.1 (i) for such A (by dehnition, the composition 
K_m{Spec A) —)■ i?2’™(5'pec A) = H'^{SpecA, IC^m) is the canonical map). 

In view of (4.3.1) and Remark 4.2 (b), property 4.1 (ii) follows from results of Gillet. 
For it follows from [Gi] Thm. 8.3 that for the affine line p : Ay —)■ Y over a smooth 
L-scheme Y, the pull-back 

(4.3.2) p* : E^’^Y) Af’'?(A^) 

is an isomorphism for all p,q E 1^. In fact, without restriction, Y is equidimensional of 
dimension m, and then (4.3.2) is the map p* : CHm-p,m+giX) —t Ghfm+i-p,m+i+g(Ay) of 
loc. cit., which is an isomorphism. 

The following observation will be useful in the next section. 

Lemma 4.4 Let V be a sujfieiently rigid functor on the category /k, where k is 

a perfect field. Then properties J^.2 (i) and (ii) hold if and only if they hold for rings A 
which are localizations of smooth k-schemes. 

Proof (cf. [Qui ] §7, Proof of thm. 5.11) Let L be an extension oi k,Y = Spec R a 
smooth affine L-scheme, and A a semi-local ring obtained by localizing i? in a hnite set 
of primes S. Then there exists a subheld L' of L hnitely generated over k, a smooth 
L'-Algebra R' and a hnite subset S' of Spec R' such that R = L®li R' and such that the 
primes in S are the base extensions of the primes in S' . This follows by applying [EGA 
IV] 8.8.2, 8.10.5, 8.7.3 and 17.7.8 to the family Lj {i G I) of subhelds of L which are 
hnitely generated over k. Let Lj [j G J) be the subfamily of those helds which contain 
L', and for each j E J let Sj be the set of primes in Rj = Lj <S)l' R' obtained by tensoring 
the primes in S' with Lj, and let Aj be the localization of Rj in Sj. Then A = lim Aj, so 

by the limit property 1.6 (e) for V and the i7'^(—, V), we see that it suffices to show 4.2 
(i) and (ii) for the localization A of a smooth L-scheme Y, where L is hnitely generated 
over k. But since k is perfect, every such L is the function held of a smooth A;-scheme; 
hence A is the localization of a smooth /c-scheme, and the claim follows. 

5 Poincare duality theories and cohomology 

To show the properties 4.1 (i) and (ii) for "H-cohomology, where R is the Zariski sheaf 
associated to etale cohomology, we will consider more generally the case of a twisted 
Poincare duality theory (with supports) as introduced by Bloch and Ogus [BO] (1.3). It 
encodes the usual properties of a cohomology theory with supports for algebraic schemes 
over a held k, with an associated (Borel-Moore type) homology theory. We recall the 
axioms, since we need to consider them more closely. 

Definition 5.1 Let k he a field, and let S be a category of algebraic k-schemes such that 
Y E Ob{S) if X E Ob{S) and Y C X is locally closed. 

(1) Let S* he the category whose objects are the closed immersions Y C X in S and whose 
morphisms are cartesian squares 


Y' 

C X' 

i 


Y 

C X 
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A twisted cohomology theory (with supports) is a sequence (indexed by j G h) of con- 
travariant functors 

S —> (graded abelian groups) 

(YCX) ^ 

satisfying the following properties 

(a) (long exact cohomology sequence) For Z cY (Z X, there is a long exact sequence 

^ H^y{X,j) Hl._,{X X Z, j) ^ Hf\X,g) ^ , 

functorial with respect to morphisms 

Z' C Y' C X' 

Z C Y C X 

in the obvious way. 

(b) (excision) If Z C X E Ob V* and if U C X is open in X and contains Z, then the 

map Hz{XO) is an isomorphism. 

(2) Let iS* be the category with Ob{S0) = OhS but whose arrows are only the proper 
morphisms in S. A twisted homology theory is a sequence (indexed by b E Z of covariant 
functors 

iP* -E (graded abelian groups) 

X ^ ®HaiX,b) 

a 

such that the following properties hold. 

(c) If a : X' ^ X is etale, there is a map 

a*-.Ha{X,b)^Ha{X',b) , 
such that {a a')* = a'*a* for a' : X" —)■ X' etale. 

(d) If the diagram below on the left is cartesian, with proper f and g, and etale a and (3, 
then the diagram on the right commutes. 


X'^X 

Ha{X,b)- 

^Ha{X',b) 

9 f 

f* 

9* 

Y'^A^Y 

Ha{Y,b)- 

-^H,{Y',b) 


(e) If i : Z ^ X is a closed immersion in V, with open complement a : V X, then 
there are long exact sequences 

...^ Ha{Z, b) ^ Ha{X, b) 4 Ha{U, b) -E Ha-l{Z, b) ^ . . . . 
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which satisfy the following compatibilities (NB only the commutativity of the squares (1) 
and (2) below is a new statement): 

(f) If f ■ ^ ^ is a proper morphism, restricting to f ■. Z' ^ Z for a closed subscheme 

Z' <ZX then the diagram 


... - ^Ha{Z',h)- 


-- b) -- Ha-l{Z\ b) -- . . . 

/: 

U 

/*a* (1) /: 

...— ^Ha{Z,b)- 


-- H,{U, h) -- Ha-i{Z, b) -- ... 

commutes, where a : / ^{U) = X' — f ^ 

{Z) -E X' — Z' = U' is the open immersion 

(g) If a : X' ^ X is Stale, 

then the diagram 

... - ^Ha{Z',b) -. 

^Ha{X)b) — 

- HaiU', b) -- Ha-l{Z', b) -- . . . 

a* 

a* 

a* (2) a* 

... - ^Ha{Z,b) - 

^Ha{X,b) — 

- H,{U, b) -- Ha-i{Z, b) -- ... 


commutes, where Z' = f ^(Z) and U' = f ^{U) . 

(3) A Poincare duality theory is given by a cohomology and homology theory as above, 
together with the following structures. 

(h) (cap product) For Y C X G Ob ip* there is a pairing 

H,{X, b) 0 Hl.{X,j) ^ b-j) , 

compatible with Stale pull-backs, in the obvious way. 

(i) (projection formula) For a cartesian diagram below on the left, with proper f, the 
diagram on the right commutes. 


y'(_ 

— X' 

Ha{X',b) 

0 




/ 

/* 


'/* 

f* 



Ha{X,b) 

0 


1 

T 

t 


(j) (fundamental class) If X E Ob (p is irreducible and of dimension d, then there is a 
canonical element rjx E H 2 d{X, d). If a : X' ^ X is Stale, then a*rjx = p'x ■ 

(k) (PoincarS duality) If X E Ob (p is smooth of pure dimension d, and Y C X is a 
closed subscheme, then cap-product with rjx induces an isomorphism 

r,xA ; HUX,J)Zl^H2d-^{Y,d-J). 

(l) (Principal triviality) Let i : W ^ X be a smooth principal division in the smooth 
scheme X. Then i^,r|w = 0 . 


21 



Write for By results of Bloch and Ogus we then have: 

Proposition 5.2 Let k be a perfect field, and let 

{Z CX)^ H*{X,*) , X^HfiX,*) 

be a twisted Poincare duality theory on the category Sch'^^^/k of all algebraic k-schemes. 
Let W{j) be the Zariski sheaf associated to the presheaf U i—)■ HfiU,j). Then for all 
i,jeZ the functor V : {Sch‘^’'^/kfi —)■ Ab defined by 

V{Y) = H\Y,j) 

satisfies property 4-1 (i) for semi-local regular rings A which are localizations of smooth 
k-schemes. 

Since P is a priori only dehned on /c-schemes of hnite type, this statement has to be 
interpreted in the following way: the functors V and are dehned on Spec A 

by taking the limit of the value groups at all opens U (Z X containing Spec A (or, 
equivalently, the maximal ideals of A). 

Proof of 5.2 For any algebraic /c-scheme X denote by X(p) the set of points a; G X of 
dimension p, and for x E X put 

^ H.,{U,b) , 

UGZ open 

where Z = {x} is the Zariski closure of x. Then Bloch and Ogus construct a homological 
spectral sequence 

(5.2.1) El^ = Elg{X,b) = © Hp+q{x,b) => Hp^q{X,b) 

as follows ([BO] (3.7)). Let Zp = Zp(X) be the set of all closed subsets Z C X of 
dimension < p, ordered by inclusion, and put 

HfiZp{X),b) = ^HfiZ,b) . 

Z ^Zp 

Then by 4.1 (e) one gets exact sequences 

(5.2.2) ... ^ HfiZp_,, b) 4 HfiZp, 6) 4 © Hfix, b) 4 i7a-i(4-i> h) ^ . 

The method of exact couples now gives the desired spectral sequence. Note that by 
dehnition the differential dp ^ is the composition 

dl,q ■ Ep q -E Hp+q_i{Zp_i, b) 4 • 

Moreover, if dim X = d, one has a complex 

(5.2.3) 0 ^ HfiX, b) 4 El^_fiX, b) 4 i7]_i,,_,(X, b) ^ . , 
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in which e: is the edge morphism. By 5.1 (g) the sequences (5.2.3) for all opens t/ C X form 

a complex of Zariski presheaves. Let l-Laih) and ^p^q{b) be the Zariski sheaves associated 

to 17 Ha{U,b) and U i—)■ (U,b) = 0 Hp+q{x,b), respectively, so that we get a 

a:ec/(p) 


complex of Zariski sheaves 


(5-2.4) 0 -)■ Tiaib) ^d,a-dib) -t ^^d-a,a-dib) . . 

It is clear from the definition that U i—)■ Ep^{U) is already a sheaf, and is flabby. 

Now let X be smooth. Then Bloch and Ogus [BOj show that for any finite set S <Z X 
which is contained in an affine open, the sequence (5.2.3) becomes exact after passing to 
the limit over all opens V <Z X containing S. In fact, this is equivalent to the statement 
that all maps i : Ha{Zp_i{X),b) —)■ Ha{Zp{X),b) vanish after passing to the limit over 
such U, and this is shown in ESI, section 4 and 5 (in the claim on p.l91 loc. cit. only 
the case of a one-element set S is stated, but the proof works more generally, since the 
trick of Quillen quoted loc. cit. is valid for a finite S as above). In particular, (5.2.4) 
is an exact sequence of Zariski sheaves, hence a resolution of 'Ha{b) by the complex with 
flabby components 


(5.2.5) 


K-dib) = sl_.^^_,{b) 


As a consequence, we get a canonical isomorphism 


(5.2.6) H'^{U,Ha{b)) = El_,^^_,{UM 

for every open U in X and i/ > 0, if X is smooth. Moreover, if A is a semi-local ring 
obtained by localizing X, then H^{Spec A,'Ha{b)) = 0 for all u > 0, and the map 

HaiSpec A, b) -)■ El^_^{Spec A, b) = H^{Spec A, Uaib)) 

is an isomorphism. Since the presheaves U i—)■ Ha{U,b) and U — b) are 

isomorphic by 4.1 (h), (j) and (k), the proposition follows. 

For the treatment of the homotopy property 4.1 (ii) for "H-cohomology we need the 
following extended version of a Poincare duality theory. 


Definition 5.3 Let k be a field. A twisted Poincare duality theory 

{Z cX)^H*z{X,*) , X^H,{X,*) 

on Sch^^^/k is called an extended Poincare duality theory, if for every fiat morphism 
/ : X' —)■ X which is equidimensional of dimension m (i.e., whose fibres are either empty 
or equidimensional of dimension m , cf. [EGA IV], 13.3) there are functorially associated 
maps 

r : Ha{X,b) ^ Ha+ 2 m{X',b + m) , 

agreeing with the pull-back maps in 5.1 (c) for etale f and m = 0, such that the following 
further properties hold. 


(m) If X and X' are irreducible, then f*r]x = Vx>- 
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(n) If Z G X is a closed subscheme, and Z' = Z Xx X' C X' , then the following diagram 
commutes. 

Ha+ 2 m{X',b + m) (g) - ^Ha-i+ 2 m{Z',b- j+ m) 


r 



r 


Ha{X,b) 


H^X, j) -- Ha..{Z, b - j) 


(o) If Z is closed in X and U is the open complement, then one has a commutative 
diagram 


■ Ha+ 2 m{Z' ,b+m) 
"/* 

-^Ha{Z,h) - 


■ Ha+ 2 m{X' ,h+m) 

r 

-^Ha{X,b) - 


Ha+ 2 miU' ,b+m) 

" r 

-^Ha{U,b) - 


Ha-l+ 2 m{Z' ,b+m) 

' r 

^Ha-l{Z,b) .. 


where Z' = ZxxX' and U' = f-\U). 


We shall give some examples below. First we note 

Proposition 5.4 Let k be a perfect field, and let {Z C X) i—)■ H'^{X, *),X II.{X, *) be 
an extended Poincare duality theory on Sch°‘^^/k. Assume that the following “homotopy 
invariance” holds: 

(p) For every smooth k-scheme X the maps 

p*:H\X,j)-^H\A\,j) 

induced by the projection p : —)■ X are isomorphisms for all i,j G Z. 

Then for all i,j G Z the contravariant functor V on Sch°'^^/k given by 

V{Y) = H\Y,g) 

satisfies property f.l (ii) for local rings A which are local rings Oy^y of smooth k-schemes 

Y. 


Proof (The values on Spec A are dehned as in Proposition 5.2). Let / : X' —)■ X be a 
flat morphism in Sch'^^^/k which is equidimensional of dimension m. 

We hrst note that by 5.3 (o) the flat pull-backs induce maps between the sequences 
(5.2.2) for X and X', with appropriate shift of degrees (for Z C X of dimension p the 
preimage f~^{Z) = Z Xx X' is of dimension p + m). This induces a map of spectral 
sequences from (5.2.1) (with the indicated shift of degrees) 


(5.4.1) 


^p+m,q+mi^ i ^ Y Vn) > Hpyqyzmi^X , b p ITl) 


ElqiX,b) 


^Hp^q{X,b) 


24 



In particular, there are natural pull-back maps 


(5.4.2) 


/• : El,(X,b) ^ 


On the other hand, if X and X' are irreducible of dimensions d and d', respectively, 
(so that m = d' — d), then by 3.3 (m) and (n) the diagram 


(5.4.3) 


H\X',j) 

r 

HKX,j) 


Vx'<^ 


H2d'-^{X\d'-3) 

r 




H2ci-^{X,d-J) 


is commutative. Now let X and X' be smooth. Then the horizontal maps in the above 
diagram are isomorphisms by Poincare duality 3.1 (k). The same is true for open sub¬ 
schemes; hence the pull-back map f* : H^{X,W{j)) —)■ H^{X',W{j)) can be identihed 
with a pull-back map 

(5.4.4) r ■■ H%X, H2d-^{d - j)) ^ H‘'{X', H2d'-^{d' - j)) 

which is defined in a way analogous to (4.2.2), using the compatibility of flat pull-backs 
with open immersions. Here 'Ha(&) is a Zariski sheaf on X or X' associated to the presheaf 
U^HaiU.h). 

Furthermore, it follows from (5.4.1) that, via the isomorphisms (5.2.6) for X and X', 
the pull-back map (5.4.4) can be identihed with the pull-back map (5.4.2) for (p, g, b, m) = 
{d — u,d — i,d — j, d' — d). Thus, in view of Remark 4.2 (b), the Proposition follows from 
part (ii) of the Lemma below, applied to smooth /c-schemes X. 

Lemma 5.5 In the situation of Proposition 5.4, let X be any algebraie k-scheme (not 
necessarily smooth), and let p : X be the affine line over X. Then the following 

holds. 


(i) The fiat pull-baek maps p* : Ha{X,b) —)■ Ha+ 2 {^x,b + 1) are isomorphisms for all 
a,b & Ij. 

(ii) The pull-baek maps p* : A'p g(X, b) 6-1-1) are isomorphisms for all 

p,q,b E Z. 


Proof We proceed by induction on dim (X), and we may and will consider only reduced 
schemes (since Ha{X, b) = Ha^X^ed, b) by 4.1 (e)). For dim(X) = 0 we then may assume 
that X = Spec K for a hnite extension K of k, necessarily separable since k is perfect. 
Then (5.4.1) gives a commutative diagram with exact top row 


(5.5.1) 0 ^ Aq ,j(A)^, 6-|-1) 


Lf,+2(A]„ 6 + 1)-- A2._i(A)„ 6 + 1) 


V* 


p* 


HaiSpec (X), 6) — El^{Spec{K), 6) 


0 
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in which the middle vertical map is an isomorphism by the assumption 5.4 (p) and 
Poincare duality (cf. (5.4.3)). On the other hand, the right hand vertical map is in¬ 
jective: it can be identihed with 

p* : H\Spec {K),V,-\-h)) ^ ?^-“(-6)) , 

and any i^-rational point s : Spec K —)■ A]^ gives a left inverse s* of p*. Putting this 
together, we deduce that both vertical maps are isomorphisms and that + 

1) = 0 . This shows (i) and (ii) in this case, since Ep^^{Spec {K),b) = 0 for p 7^ 0 and 
Ep q{A]^, 5 ) = 0 for p 7 ^ 0 or 1. 

If X has positive dimension (and is reduced), then there is a dense open subscheme 
U E X which is smooth (because k is perfect). Since (i) holds for U by Poincare duality 
and assumption, and ioT Z = X — U hj induction hypothesis, it holds for X by 5.3 (o) 
and the hve-lemma. 

i j 

For (ii) we observe the following: if Z X is a closed subscheme and U = X — Z ^ X 
is the open complement, then one has an exact sequence of complexes 

(5.5.2) 0 ^ A.y Z, b) 4 A.yx, b) 4 E\{U, b) -P 0. 

Here j* comes from (5.4.1) for / = j, and i* comes from the contravariance of the spectral 
sequence (5.2.1) for the proper morphism i, which is an immediate consequence of 3.1 (f). 
The exactness of the sequence follows from the easily verihed fact that in degree p the 
sequence is given by 

0 © Hp+q{K{x),b) ^ © Hp+q{K{x),b) ^ © Hp+q{K{x),b) -)■ 0 , 

xeU(^p-) 


where and j* are the obvious inclusion and projection, respectively. There is a corre¬ 
sponding exact sequence for the triple ^ A^ A)j, and both exact sequences are 
connected by the pull-back maps for the projections px '■ A^ X , pu and pz, in a 
commutative map. Passing to the cohomology, we obtain a commutative diagram with 
long exact rows 
(5.5.3) 

■■^p+l,q+l (A^, 6+1) — 

^p+Pq+l (A^, 6+1) ^ g_,_]^(A^, 6+1) ^ Ap g_,_]^(A^, 6+1).. 


Pz 


Px 


Ph 


Pz 


p2 


(A, 6) 


Elq 


(X,6) 


■Elq 


(A, 6) 


■El^qiZM 


By induction hypothesis we may assume that all p^ are isomorphisms for dimA < dim 
X. Hence it suffices to show that the p^ become isomorphisms after passing to the limit 
over all dense opens U G X. Moreover, we may restrict to the case that we consider the 
limit over all open neighbourhoods of a hxed generic point p. \i K = k{p) is the function 
held of the corresponding connected component of X, then we obtain formally the same 
diagram as (5.5.1), by putting Ha{K,b) = \imHa{U,b), Ha{A]^,b) = limiJ(j(A^, 6) etc. 

By reasoning in a completely similar way as in the case of a hnite extension K of k, we 
deduce that the pull-back map 

P* ■ El^q{K, b) ,^_^i(A^, 6 + 1) 
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is an isomorphism as wanted (the map is injective since p* : b) —)■ 6+1) 

is injective for each smooth open U C X). 

Remark 5.6 The proof of 5.5 follows very much Gillet’s proof of the corresponding 
statement for the Chow groups CHr^s ([Gi] Thm. 8.3), except that the proof for 
X = Spec {K) via (5.5.1) is more direct than the recursion to the projective bundle 
theorem in [Gi] Lemma S.f. 

We want to apply the above to the following example. 

Proposition 5.7 Let k be a field, and fix n E N invertible in k The following functors 
form an extended Poincare duality theory on Sch°'^^/k, and the properties f.l (i) and (ii) 
hold for them (In particular, by Poincare duality, the homotopy invariance 5.4 (p) holds 
for them): 

Z/n(j) (etale cohomology with supports), 

Ha{X,b) = Ha{X,'L/n{b)) ■.= H~°‘{X,a)'x'L/n{—b)) (etale homology) 

Here 'L/n{j) = as in 2.1, ax ■ X ^ Spec {k) is the structural morphism, and a'x ■ 
D].{Spec{k),Ij/n) —)■ D].{X,'L/n) (= derived category of bounded complexes of etale Z/n- 
sheaves on X with constructible cohomology) is the right adjoint of R{ax)\ constructed in 
Grothendieck-Verdier duality [SGA 4] XVII, 3. 

Proof That etale cohomology and homology from a twisted Poincare duality theory, 
follows from the results in [SGA 4], cf. the sketch in [BO] 2.1. We now describe flat 
pullbacks in the homology, for a flat morphism / : X' —)■ X which is equidimensional of 
dimension m (cf. the discussion for an algebraically closed held k in Laumon’s article 
[DV] VIII, 5). By [SGA 4] XVIII 2.9, there is a canonical trace morphism 

(5.7.1) Trf.R^^hrHm)^^ , 

for any etale Z/n-sheaf IF on X, coinciding with the trace morphism used in 2.1 for hnite 
/ (in which case m = 0 and f\ = /*). Since R^f\IF = 0 for i > 2m, this trace morphism 
can be regarded as a morphism 

Trf. Rf,f*IF{m)[2m] ^ IF 

in D].{X,'L/n). This can be extended to arbitrary complexes C in Z1^(X, Z/n) as follows. 
If let IF ='Lln and tensor with C, then by the “projection formula” isomorphism 

(5.7.2) 7 / : Rf\^ ®k/n PR) ^ Rm ®k/n PR) 

([SGA 4] XVII 5.2.9), we obtain a trace morphism 

(5.7.3) Tr-f : RfJ*C{m)[zm] -E C 

(cf. [SGA 4] XVIII 2.13.2). By adjunction between Rfi and /!, we now get a morphism 

tf : f*C{m)[2m] -P- fC. 
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(cf. loc. cit. 3.2.3). Applied to £ = a'x'^/n{—b), for which fC = this 

induces the wanted pull-back maps 

f* : a-x'Llni-h)) -^ //"“(A', f* a'x'L / n{-b)) —^ a-^, Z/n(-6 - m)) 


f/a(A,Z/n(6)) 


iha+ 2 m(A', Z/n(6 m)), 


where the first arrow is the restriction morphism which exists for any complex of sheaves 
/C (by the composition hf*(X,/C) H‘^st{X, RfJ*IC) = H*{X'J*K:)) 

If / is etale, then /' is identihed with f* via tf, and the pull-back by dehnition is 
the one used for etale morphisms in homology (cf. [BO] 2.1). The functoriality of flat 
pull-backs is a direct consequence of the “transitivity” of the trace maps (3.7.1) (cf. 
[SGA 4] XVIII 2.9, (Var 3)). This in turn implies 5.3 (m), because rjx is the image of 
1 G Z/n = Ho{Spec{k),'Z/n) under 

a*x : Ho{Spec{k),Z/n) ^ H 2 d{X, Z/n{d) , 

if X is irreducible of dimension d (cf. [SGA 4|], [cycle], 2.3). 

For 5.3 (n) we recall that the cap product is induced by a pairing a'xZ/n{r) ® 
a*xZ/n{s) a'xZ/n{r- + s) (cf. [BO] 2.1) which is a special case of the following, more 
general one. For any morphism g ■. X in Sch°'^^/k and any Z/n-sheaves X,Q on Y 
(in fact, any objects Q in D^iY, Z/n)), one has a pairing 

‘Pg-. gX g*Q ^ g\X Q) , 

which by adjunction corresponds to the horizontal morphism making the diagram 

R g\{g'R g*Q) -^ R Q 

Ig 

R g\g'R Q 

commutative. Here the vertical isomorphism is the projection formula isomorphism 
(5.7.2), and Adg : Rg\g'\F —> is the adjunction map. 

Now let / : X' ^ X be a flat morphism which is equidimensional of dimension m, 
and put g' = g f \ X' ^ Y. Then we claim that the diagram 



(5.7.4) f-g'R®^f*g*g 
rg'R{m} rg*g 


g'-R g'*g - — -- g'\R g) 

b 

ng'-R g*g){m} ^ rg'iR g){m} 


commutes, where we put R{m} = R{m)[2m] for a complex R. By adjunction, this 
amounts to the commutating of the following two diagrams (where we have written f\ for 



Rf\, etc.) 





(5) 

gifing'J^ 9*G){m} 





Here the diagrams (1) and (3) commute by the dehnitions of (p and t, respectively, 
and the identihcation g'' = f'g' is just the one for which the diagrams (2) commute 
(these morphisms being dehned as the adjoints of g{, f\ and g\). The commutativity of 
(4) is easily checked (cf. also [SGA 4] XVII 5.2.4), and (5) commutes by our dehnition of 
(5.7.3), together with an obvious ’’associativity” for pf. The remaining squares commute 
by functoriality. 

Now let Y = Spec {k). Then by dehnition the map product for X is the composition 
//-“(X, a'-^Z/n{-b) (S) 77^(X, a*^Z/n{j)) -- a-^Z/n{j - b)) 

Ha{X, Z/n{b)) Hl{X, Z/n{j)) Zln{b - j)) 

induced by the usual cup product (with supports) and pax) together with the identihcation 
Hz{X, a-xX) = H{Z, Ri'a^X) = H{Z, a[X) ioii: Z ^ X. Thus 3.3 (n) follows from 
the commutativity of (5.7.4). 

Next we consider 5.3 (o). Let i : Z ^ X he a closed immersion with open complement 
j : U = X — Z ^ X. For a hat morphism / : X' —)■ X, which is equidimensional of 
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dimension m, consider the cartesian squares 



The relative sequence 3.1 (e) for the triple {Z, X, U) is obtained by taking the cohomology 
on X of the canonical exact triangle 

i^Ri'a'x'Z>/n{—b) a'x'Zj/n{—b) Rj^j*a'x'Z>/n{—b) , 

and identifying Ri'a'x = a'z and i*a'x = d'u (Here we used that Ri^ = and have written 
Ri' since r may be misinterpreted as the functor ” sections with support in Z” whose 
derivative Ri' is). Hence 5.3 (o). follows from the fact that one has natural identifications 
of exact triangles 


i'^Ri'' a'xiX ^ dx/X ^ Rj'*]'* ^'x'^ 


ahR^oJxX - ^f'a'xX 

f'RRi'a'xX - ^f'a'xX 






f'Rj^fdxX ■ 


1 


for any complex of sheaves X on Spec {k), where (3' and jS” are obtained from the ’’adjoint 
base change isomorphism” [SGA 4] XVIII 3.1.12.3. Note that by dehnition the diagram 


, ,, Ad'. I 

f'Adi 

t'j'.Ri^G ^ f'XRvG 

commutes, similarly for 13" (where j' = j* and f' = j'*). 

Finally we show that the homotopy invariance 5.5 (i) holds for etale homology (this 
implies property 5.5 (ii) as well, as is clear from the proof of 5.5). Since p : —)■ X is 

acyclic (cf. [Mi] VI 4.20), the restriction map 

H-"{X, ax^ln{-b)) -A i/““(A^, p*ax^ln{-b)) 

is an isomorphism for all a, b, G Z. We conclude by recalling that 

tp:p*C{l)[2]^p'C 

is an isomorphism for any C in D’^lX, Z/n) (for this it suffices that p is smooth of relative 
dimension 1, cf. [SGA 4] XVIII proof of 3.2.5). 

We can now collect the fruits of our efforts. 
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Theorem 5.8 Let k be a field, and let n be a natural number invertible in k. For i, j G 
Z let W{j) be the Zariski sheaf on the eategory Seh^°^^’^/k of all noetherian k-sehemes 
associated to the presheaf 

U rw H\U, Z/n{ 3 )) 

given by etale cohomology. Then for all u, i, j E h the functor 

X ^ n\j)) 

is a sufficiently rigid functor on /k. 


Proof By Proposition 2.1 and Lemma 3.3, etale cohomology is a sufficiently rigid 
functor on Sch"'°'^*^//c. In view of Theorem 4.1, we then have to show 4.1 (i) and (ii) for 
the W{j). Since it suffices to consider the bigger category Sch“°®*'^/A;o, where kg is the 
prime field, we may assume that k is perfect, and by Lemma 4.4 we may restrict our 
attention to algebraic /c-schemes. By Proposition 5.7, X i—)■ H'{X), 'L/n{-) is part of an 
extended Poincare duality theory with homotopy invariance. Therefore the claim follows 
from Propositions 5.2 and 5.4. 

By Theorem 5.8, we obtain case (5) of Theorem 0.3 in the introduction. 
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